interior to 5.
In this paper a generalization of this result is proved. We define a certain class of imbeddings of a closed connected 2-dimensional surface M in E3. 2. Definitions. By E3 we mean euclidean 3-space together with a fixed coordinate system (x, y, z). E2 will be the subset of E3 consisting of the points with z = 0. P2 will have the induced (x, y) coordinate system. S will be the unit 2-sphere in P3, that is the subset defined by the equation x2+y2+z2 = l. We assume 5 has the usual differential structure and an orientation induced by that on P3. C and D will be the subsets of P2 defined respectively by the equations x2+y2 = l and x2+y2^l.
D is assumed orientated as P2 and C has the orientation coherent with that of D. In certain connections we will use polar coordinates reie lor (x, y) when dealing with points of P.
T will denote the torus in P3 defined by the parametric equations x = (2 + cosd>) cos0,y = (2 + cosd>) sin0,z = sin<p (0 ^0^2ir; 0 ^d>^2ir).
T will be assumed to have the usual differential structure and an orientation coherent with that of P3. T* will be the subset of T consisting of those points (x, y, z) with x^3/2.
It is given the differential structure and orientation of P. T* is the topological boundary of T*. It is the intersection of T* with the plane x = 3/2 and is homeomorphic with C.
If B is one of the above defined spaces, by a regular mapping of Received by the editors January 31, 1958.
B into E3 we mean a differentiable homeomorphism /: B->E3 such that the jacobian has maximal rank at each point. Unless otherwise noted, all mappings considered will be regular in the above sense. The term "mapping" will be used for "regular mapping" when there is little danger of misunderstanding.
It will be convenient to identify a point p of E3 with the vector from the origin to p. With this convention the points kp (k a real number) and p+q are defined in the obvious fashion. The length of a vector v will be denoted by \v\. |p| will be the distance from p to the origin. Definition 1. By a circle in E3 we mean a mapping/: C->£3. The image set/(C) will also be called a circle.
Definition
2. By a disc in E3 we mean a mapping g: D->E3. The image set g(D) will also be called a disc. /-»£3. The point setf(I) will also be called an inter-
val.
We are now in a position to define the class of surfaces in E3 which is studied in our theorem. be mappings such that hi(T*)f\hj (T*) =4>(i9^j), hi(T* -t*) is in the unbounded component of the complement of e(S) and hi(f*) = f,(C). The normal vectors to e(S) and hi(T*) will be assumed continuous across g((C). The set
will be called a surface of class A. In the remainder of the paper Mn will denote a surface of class A with n "handles," that is a sphere with n holes and images of F* attached to these holes as in Definition 5. The bounded component of the complement of Mn will be called the interior of Mn.
The point set hi(T*)VJgi(D) is a topological torus for each i. It is not smoothly imbedded in E3, however, because of the edge g.-(C). We remark that for a circle on Mn to be homologous to zero is equivalent to separating Mn into two connected pieces.
The main argument of the proof will be preceded by further definitions and some lemmas. The equations (*) define a set of discs satisfying the conditions of Lemma 1. It can be checked directly that gi is a continuously differentiable mapping whose jacobian is of maximum rank everywhere (i.e. gi is an immersion of D into F3). We must show that g,-is a homeomorphism, the {gi(D)} are pairwise disjoint and gt\D -C is contained in the interior of M".
The We indicate how the latter can be done. The exact formulas are complicated and will not be reproduced here. A coordinate system is chosen for each P(p) by choosing the x-axis along the tangent vector to Lx(p) and the y-axis normal to this x-axis. Two points pi(P)ELx(p), p2(P)EL2(p) are chosen such that px(p) and p2(p) are both distinct from p and their distances from p are differentiable functions of p. Let Tx(px(p)) and T2(p2(p)) be the tangent rays to Lx(p) and L2(p) at the points px and p2 respectively which point in the direction of p. Let Ts(p) be a line in P(p) which cuts across Pi and P2 (notice that Ti9*Tt), is "near" to p and whose slope (relative to the coordinate system in P(p)) and distance from p are differentiable functions of p. The two corners at the points of intersection of Pi with P3 and Tt with P3 are "rounded off" and the mapping h is modified in a neighborhood of/(C) to follow the smoothed off curve from Pi(p) to Pt(p).
By a shrinking along interior normals, h'(M) can be chosen to be interior to h(M). 
is contained in the 5-neighborhood of f(pi) KJf(p2) ■ 5. Proof of the main result. The proof of our theorem proceeds by induction on the "complication" of the circles on M". As a first step in defining the complication we introduce two circles on T*. Let £ be the circle x = cos 9, y = sin 0, z = 0 (0^6^2w) and let n he the circle x=-(2+cos 0), y = 0, z = sin <p (0^(j>^2w). The 3re circles hi\k, ht\ V and gi\ G will be called the basic circles of Mn. hj is within 5 of gy(C). Further, we may assume that hj(T) is contained in the union of Ay(F*)Ugy(F) and its interior.
By choosing 5 sufficiently small any given /.-(C) Ehj(T*) will also be such that/.(C)GAy(F). Further, if fi(C)Ek(T) and/.-(C)n(/*y(£) \Jhj(ri)=0 then fi(C)r\(hj(^)\Jhj(ri))=0.
But this last condition implies that fi(C)Ehj(T) -(hj(^)\Jhj(r\)), an open 2-cell. Therefore fi(C) is homologous to zero in hj(T).
From these remarks it is evident that our theorem for the case K({fi(C)}) =0 is equivalent to the following two propositions: (I). If {/.-(C)} is a pairwise disjoint collection of circles on e(S) (a regularly imbedded sphere in E3) then there is a pairwise disjoint collection {gi(D)} of discs with g,-|C=/,-: C and gi(D -C)Emterior oi e(S).
(II). If {/.(C)} is a pairwise disjoint collection of circles on h(T) (a regularly imbedded torus in E3) and each fi(C) is homologous to zero on h(T), there is a pairwise disjoint collection gt(D) of discs with gt\ C=fi: C and gi(D -C) Cinterior of h(T).
To prove Proposition I we note that if there is just one circle in the collection {/.-(C)} then I follows from Lemma 2. Assume I true for collections of circles with fewer than m members and suppose {fi(C)} has m members. Then there is a circle /i(C) (say) one of whose complementary domains (relative to e(S)) contains none of the remaining /. we get a disc gi(D) whose boundary gi(C) is a curve isotopic to gi(C). gi(C) is straightened out into gi(C) and gi(D) is deformed into a disc gi(D) with boundary gi(C) using Lemma 3. Evidently the deformation can be limited to an arbitrarily small neighborhood of g(/) and, therefore, gi(D) can be chosen so that it does not meet g,-(D) (J5*i). Also, gi(D) can be made so that except for gi(C) it is interior to Mn by using techniques similar to those in Lemma 2. Without some condition on the imbedding of the surface Mn the theorem above is not true. For example, one can imbed a surface M2 of genus 2 in 3-space in such a way that there is a circle on M2 which separates M2 and does not bound a disc in the interior of M2. The theorem can be stated and proved within the framework of piece-wise linear imbeddings instead of regular imbeddings as we have done. This piece-wise linear point of view seems to simplify the proof at certain points and complicate it at others.
